
I Homologytheory

There are many types of (ordinary ) homology theories

singular, simplicial, cubical, cellular, . . .

these all give the same results on CW-complexes

we will discuss the
"

most general
"

one Linguahomology
and then derive an easily computable one cellularhomology

There are also generatedhomologies , like bordism theory , K- theory ...

these are different from ordinary homology
we might discuss them briefly

Underlying these theories Isheyalgetsra which Is a purely

algebraic theory of "chain complexes "

such objects show up in many contexts and give even

more
"

homology theories
"

,
like Floer -homology

such theories are not really about algebraic topology
AWarHomologythe
standardpsimplex Is

P

op = { Etie; empt
'
: knot,

= '
,
t
,
>
.
o }

7=0

where eo=[?o| , e.=ftg| , . . . ep=(?g| are the standard basis vectors

for |RPtl

examples-
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'#in

"
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"

c.tt#I,



given Vo
,
. . . on EIR

"

denote by too, . . ., Vp ] the map

DP→ IR
"

Cto
, . .. tp) 1-3
It

, y.

example:

i ) Leo, . . . . ep ] : OP-7 IR
" '

parameterize, a copy of
DP

2) Ceo
,
. . .

,
da . . . . ep] : OP

- '
→ OP parameterizeythfaceofor.me

ans leave out i.e. to, . . . tp - i) EP
- '

'→ Ii tjej +Tgzitj eye ,
it element N

e.g. p -
- 2

µ .
e.
①

Leo,ed

Indicates dini. ofsimplex

we call this the Ithfiacemap and also denote it Fi! Leo . . . -E . . .- Ep ]

note: i>j then F! o F!
- '

s Leo
, . . . ,Ej, . . .ie?i...ep]

e.g. er
°

y = 2

• •→.
£1
. j -

- I

co e
o
e
,

Eo e,

-
[Co ]

re 's then Flo F
,

"

s Leo
, .
. . E . . . I. . . ep]

I →
e.g .

{→ r 2=0

÷÷¥*±
.

. .

# o-s

[ e, ,e, ]

a singularp-sim.pl# in a space X is a continuous map

o : DP→X

the singulargro-up-efep-cha.ms#X is

Cp (x) = free abelian group generated by singular p-simplices



that Is an element of Cp (X) Is a

finite formal sum

⇐ n
,
0
;
where n.EE and

o
,
:oP→X Fi

exercise: There Is an obvious way to add two elements

Show this makes Cplx) an abelian group.

we call elements of Cpk) (singular)pchaingiven
a singular p- simpler 0 we say thedateof o is

on'=
oo Ftf

and the

boundktiszo.pqg.jo"
note: 20 Is a Cp- i )- chain !

way#÷o.no#ukG*.

20 = 04. o"' ) + o(z)
04)

now define the teary

map2p: C

pH
)→ (

p-
il×)

Pgnisi it ⇐ nildoi)
|emma1_:-

With notation as above ) subscript p Is usually omitted so

|2p.,°2p= lemma then stated 2¥

Proof: 2p. ,°2po=2p.,l£⇐f's oo Ff ) = ¥fN
'

Flotit OOEPOFF '

=of C-' ttiooEFF,
"
+of C-it

"
'

'
oo FPOFP

"

jci:p iejep. ,



= -2 C- D
' "
'

'
Oo Seo ... Ej .-- di .-Ep] + [ C- 1)

"i
ooleo

, . .
.

I
,
.. . e)+ , . . . en]Of joiep OE i ⇐p- I

f k= HI

= Eti )"Hole. ..ie; ... E ep) t E C-N'
th- '
o oleo . . . di . . . En . . . en ]

044Ep 0 EzekEp

note retable back to j
t

= §!
- 1)
"loose

.
. . .§ .. - en; .. . Ep] - [ C- IT

"
ooleo ..ie . . .§ . . . en ]

Kj

= O
Et

note : lemma ⇒ linage Jp C kernel Trp . ,

we define the pthhomologygroup_ of X to be

Hplxl -
Ker 'd

'%in2p+ ,

an element of her Trp is called a (smgular)p-c
an element of mi 2p+ , is called a lsmgular)p-bound

we say two chains G. Cz e Cplx) are homologue if I some
d C- Cpt . (X) Sf. C

,
- Cz - Jd , we

write G - Cz

this is an equivalence relation it c is a p-cycle
let Ec] be its equivalence class

HpCx) -- { cost ca p-cycle}

Remain: There are ne singular p - simplices for pso so Cplx) -- lo}
: Hplxl -- o H pro

kmmaie-x.onepc.in#space)( then *panto ''

p'Io
-

Prod: for each p > o J ! map of : OP→ X

i
. Cplx) -

- Z generated by op
now

a. op .- E. en'
'

op
"

-

-Einion,



so

2p0p= { Opt P even p> o

0 p odd or p=o

" P odd

Hpcx)=kmer}pt+, = Coppa, = {03
p even ,p > 0

Hpkt t.hn?Tpdu=R= {o}
Po

How =h,emr3÷=GfF=oEs=2t
#

#÷tol×)=freeabekangroupgenerated#path components of X

I NQZ where X has n path\component
proof: an element cecdx) is C =¥

,nixifor points x. EX, a, EE

define E : Cold→ z

In,x,HEni

It Is easy to check E is a homomorphism (do it !)
o

If 0 is a singular t simplex then

20= ×. - xz (endpoints o#
→¥

SO {(
24=0
if d C- C. (x) then D=¥n,q. so E(2d) = 0

1.e
.

ini 2
,
C her {

so { induces a homomorphism
{
*

: Ho (x) → E called an augmentation (so Is { )
[ c ] IT { (c)

Claim : if X is path connected then {* Is an Isomorphism

PI : clearly C
*
Is surjecave ( E* ([xD = 1)

fix xo EX, then for any XEX we can take Xx:[oil] →X st. 7×10 )±Xo
Xx (1) = X



so 2X×= x - xo

now given any C = In,x,. such that {(c)=0

let Xx
,

be path for xi

note C- 2 In,X×
,

= Enix
,
- In,(×,-xp = En

, x. = (Eni )xo=o

so C=2ImX×, and [c 3=0 in
' Ho (X)
-
,

exercise: It the path components of X are Xa ,
xe A

then Cplxl=Pta
Cpkx)

and Hplxtjoattplxx)
note lemma now follows

#y

~

Remade: it we set 25 E and I, = 2; for 2=1 then theproof
~ ~

shows 202=0 f no
I ltl

so we can define
µnp(×, = keidplinJp-4

Clearly Hplxl = HI (x) ttpz 1 and

Hold = To1×1+0#

Fpl×) Is called the .reducedhomolo# of X .

notice that if 8:[on]→ X is a loop based at xo

then V is also a singular 1- Simplex and

28=0 so [H E H
,
(X)

this gives a map

¢ :X, (X.xD→ H, (×) called the

Hurewitzmaplwe
check It's well-defined below)

That4

-TfX path connected, then the Hurewitz map induces an isomorphism )4*:⇐IX. xD)
"
→ H, (×)¥h,lx.int#anzahanoExxItheabekanizatio=

Gab of a group G Is the largest abelian



quotient of 6.

thatis ifAis anyabeliangroup and f:6-Aa

homomorphism,then 77:693-ASt.6- A
O

>jabf
ercise: (ab =[6,6] where [6,6] is the smallestnormal

subgroup of 6 containing [[9,h]:g.he63

-roof:we will denote equiv. classes ini (X,0) by[V]

and equir. classes inH. (x) byW] 1 - chain
-

note:1) If U,y paths inXwith 51i=y(0), then Uxy-V-y is a boundary

indeed, define0:0-Xby

.
3

constanton purple lines
so on [8es] have UAY

now 20 =2 - 2xy-
,

2) IfWa path in X, then U+Eis a boundary land constant
path a boundary

indeed, ifo:-Xa constantmap,
then20=of()+gu =c

each a constant

path c

now given leto' :-Xbe

·Iconstanton pink
lines

so O'on [e,er] is 5

on [00,2] is some constantpath c

letto be singular z-simplexwith 20=

so((0-0) =2 +5

3) ifWandly are homotopic rel end points then 2-1 is a

boundary



indeed
,
let Hilo,Dx loin→ X be the homotopy
then It induces a singular 2- simplex of

7

no,#Ir" , to X
⇐ ° fo."die:÷¥¥"

now 30 = J - y
t constant path

since a constant path is a boundary so is 8-1,

now : 3) ⇒ 4 is well defined

1) ⇒ to a homomorphism :

"

offers . 37=448*33) - Er * 7D= doIt I -- 41837+493)

since Hill abelian' we get

to
*

'
'⇐ IX.xo))
"
→Hix

we construct an inverse for Q*

for each point x c-X let K, be a path x. to x

givin a singular l- simplex o let

£ = too,
* o * Foa,

( choose Kc
.
just to

be constantpath exo)
this is a loop in

- X based at Xo
b

now define 4(o ) = [E] since ⇐IX. x.Do is abelian and

C. Cx) a free abelian group this defines

4 : Cixi →#Cx. x.Dab
← constant path

note 404*1183 ) = Le,* 8*5. ] = [ r]

if O is a 2-simpler then let yo , y, , y, be
vertecies

Yz

oll l

#O)

Yo¥ 4
,



412,0 ) = 4 (o"- o"'t oh) = 41061) YCoco
'

) 4conj
'

= [ 8
,; o
'"
* Ey

,

* ry
,

* o
"
* Try
,

* rye
'
* Iyo ]

= Hyo 't ol' * oh* J"' * Ty
.

] = [ ex!
+
since loop bounds dish o !

So in 22 c her 4 :- Y induces a map

4* : Hix →4TH, x.Dab

from above we clearly have 4*04* = id

now if ClcB E H
,
(x) with c = Emoi

,
concatenate u

, copiesi

01*04*114131=0*4*4%0,* 9*5, " , )
"
])

"
concatenate

= In; I kno, * on * Find
= En , ro.co.tharts - Ero.int)
= I n

,
do, I = E Emo

,
D -

-KD
T
since 2 c - O for each of co) , 3- a j St. 0,41=0, lo)

so 4*04* = id
L#

Renard: For any n can similarly define a map
Gn : Tn (X, xo) → Hn (x)

and can show for the first k for which Hnlxl to

4h is an isomorphism if h> l

B Ihomologiesandmapsonhomologya
sequence of abelian groups C* and maps

In :c
,
→q . ,

"
denotes general index

is called a chain complex if 2n. . o Joi O for all a

che homology of the complex is Hn CC*d) = Kerstin one ,



Homological algebra Is the study of general chain complexes
when a definition or theorem Is purely about homologue algebra
I 'll denote It by IHA ) such results are true forand chain complex

in particular, they will apply to the singular chain groups.

def"CHAI. given two chain complexes (C*, 2) and (CI , J) a cheammapis
a sequence of homomorphisms fn : Cn → Cn

'

such that

2
'

no fn = fn
. ,°2n an

. .
.

→ Cn → Cn .,→ . . .

ffnj; ffn. i
. . .

→ Cn
'

→ C in. , → ...

lemma5lH= :

-gA chain map {fig:k*,2)→ (CI, J) induces homomorphisms\ (fn )* : HnlC*D) → Hnk*
',÷

Proof : note if [h] E Hn(C*
,

2)
,
then 2nh=O

30 Jnfn(h ) )= fnlidnh) = fn. fo) :O

so fnlh ) gives a class In Hn (CI
,
2
')

define (hn )* : Hnk*
,
d) → Hn (4.2 ')

[ h]M [ tn (h )]

note
,
lhn )* Is well-defined since it [h ] :[h '] then Fk st

.

h - h '=2n+ , k
so we have

fnlh ) = fn (h'+2n+, k) = fn (h ') + 2h#nah)

so [fn 1D= [ fn (h
')]

A-n)* is a homeomorphism since fn Is Exercise)#,

Now for singular homology
if f: X→ Y Is a continuous map , then define

fn : Cn (x) → CNCY) : Imo, it Imdfoq)



thisisclearlya homomorphism and

fr-, (2n0) =fn-, )(1)"(l) =2(-1"(f00))

=I(1)"(foo)!)

=2n(+n(0))

so far, on=Wrifn
.. bylemma we get

(n):Hn(x) ->Hn(Y)

ercise:1) (fghy=(fn) (91)x
2)(idx)n =idHn(X)

(HA):
given chaincomplexes ((x,2) and (CI, I'l
and chainmaps (fn3 and 39n3 from ((x,2) to(Cd,2)

a chainmotopybetween 9tn) and 39n3 is a sequence of

homeomorphisms
Prin - Cn+

such that

2Pn +Pr-ioCn=fn-9n

...-> C.** (n-1-...

trifanyofanyfrien
...
->Cntin cast...

-ma6(HA):

↳harkomfort betergenes
and are



Proof:
Ifhe C and Inh =0, then falh)-gn(nl=Cnt,Pn(n) +PaCnh)

=2n(Pn(n))

so [fn(n)] =[9n(h)]

Inanhowcanmapprice mans (x, tossin
Roof:letH:Xx0.13-Ybe the homotopy

SO HIx,0) =f(x) and H(x,1) =g(x)

given a simplexorx
-X

we define Plot byHoloxid,0,1):Wix90,1+ Y

tomake sense ofthiswe need tosee 6'x30.1)

as a union on (n+1)-simplicies

e.g. E
X Y

H(p,t)
-O o ↓
⑧

20
->⑪aes Essen

fo

- PlaT
=Holoxido->

Co

P(0)
=H0(0 x idso.13) =H(01e0),t)

2 P(t =2 (H(0(20),t)) =H(0(90),1) - H(0(e0), 0)

=goo
- foo

/let P- , =0)



⇐

÷;
-0, ÷ Hoo.",

t
f

'

not.

"

7
,

4- Leo , e, , f, ]

neo -- Leo, fo ift
mtg

define Picot Holoxidco
..gl/eo-Holoxid)he

,

21401) -- Hole,
- theft Hoke

.

-

Hola +Htt
.]
- Hoke

. ed
I

=

goo + Holy
.

- Hoff
.

- fo
#
-

= goo
- foo - Poto)

in general let eo . . . en be the vertices of O
"

in IR
""

think of IR
""

C IR
""

as Xue,
= o

let f
,
be the points in IR

""
above e, with xn+, word

= I

so Leo
. .. en) describes O

"

x {03 and

[ to
.. . fn ] " " Ex fi)

and o
"

x so
, it is the union of the Cnet ) - sinipkiies
[ eo

,
. . . ez, fr, . . . for ]

"
'

it
. ÷

.



now define

Pn
: Calx) → Cnt, (Y) by

1

?
lot = ¥

.

Elli Ho@xidco.gl/
Leo . .. e, f, . . . fu]

i

zpncol
= ¥, C-I) I

- D
'

'

Ho (0' 'doit ) )
Leo .. . en
,
. .. e. fr . ..fi

+ ¥, en
'
C-if"Holoxidco.it/qeo...qfn...I.-.fn ]

the Ej terms cancel except for

[ do fo .. . fu ) = Ifo . . . fu] term which is goo
and

[e
. .. . en In I -- Ceo . . . en] term which is - too

exercise: the Hj terms give -pn.pro) e*Core:

#If f :X -→Y is a homotopy equivalence then fi. Hncxl → Hnk)I.isanisomorphismf.ua#Remarh-
If X is a contractible space , then

Hnlxl = {
Z a = o

O a to

C.Relacietomoogyandtxcision

let A be a subspace of X

so Cn CA ) c Cn CX)

note Cn A I is in the kernel of

Cn CX) -2nsCn -, (x) 9M
Cn- i Nyc

.
ca ,

#
-I

so In induces a map

2n : Cn NYC.ca, →
""'%a

,
CA)



define Cn (x,Al =
Cnt

ca,
and

2n : Cn (X,Al → Cn -, (x, A) as above

clearly 2 . . 02=0

the relative (singular ) homology of IX,Al is-

Hnlx,A) =
her 21in Sent,

note: i) an element in Hn IX.At is represented by arelafriecyder.ee
.

x E Cn (x) set. 2nd E Cn
- ,
CA)

2) a relative cycle x is trivial in Hn (X.At it it is a relatrveboundary

re
.

I BE Cne, (X) and 8 C- Cn CA ) set.

x = 2ft 8

Recall a sequence of homomorphisms

A #Btc

is called exactatts it mi lo = her 4

a longer sequence is exact if it is exact at every group

lemma9.CH#:#

If IA
* Da ) . (B. . 2B ), and CC*Dc ) are 3 chain complexes

and {Out :(A
* 2A )→ ⑤* 2B ) and Hn) : (13*2,3)-214,2)

f::÷÷: :::*:*.. Ithen there is a long exact sequence

. . .

→ Hn A-*dat HnlB*.BY#5Hnk*.2d-7Hn..lAn.2aH
. . .

-

some times this is written
H
*
CADA ) H

*
CB
, } ) ¥4 preserve

n degree
as an exact triangle

2¥ d ¥ a* reduces

H
*
Cc
,2) degree by I



before proving this we note an important consequence

Th "10 .--
-

let A- be a subspace of X

1) let i : A → X be the inclusion map and

qicnlxl-cncx.AT the quotient map{ Then ← c.*⇒ c.*⇒ a.*→ o )is exact

⇒ So I a long exact sequence
ht 9* 2x

. . .

-7 Hath→ Hnlxl→HnlxAt→ Hn - , (A)→ . . .

-
[ called longexactseg.ve

Proof: 2) follows from l) and lemma 9 ofapaci .
1) clearly in : Cnet ) -7 Cncx) is injective

and qn : calx)→ cnn.at is surjective

and her q - tin In L#

exercise: verify that 2* in the exact sequence is the map
h E Hn (X ,A)

,
choose a e Cn (x) set

. 2nd C- Cn - i CA)

and a E h

then 2*h= [2nd] E Ha - ICA)

Proofoftemmacl: consider
given CE Ca with Kc -

- O

O O O

I be Ba St. Yn lb ) -- ctu tu
aa
t

. . .

→An An- I→ An-z → . -
- note : 4h12, b)

= 214lb))
a1-72a

ton - l tou -, Teflon-z = 214=0
✓ ✓

. . .

→ Bn Bn - I Bn-z -7 - -
-

so 2b e Ker Ya, = link - Ib-2b 1-3 o

- ten -14h- i 14ns\ " 2B / 2e and I a c- An
- ,

set. Ion -da)- 2B b
. . .

→vcn→Cn - I→ Cn -z -7 . . .

c-O

L L L note: Ion-212£) - 2,31%14=2,5 b -- O
O O 0

Since Ion -z injective Jaa = O



define : 2 : HnlG. 2)→ Hn
. ,H*Da)

[ c ] 1-3 [a] where a is constructed above

Claim: 2K] is well-defined

O O O note: only 2 choices :① cesc ] and
t d b ② bs.t.tn/bl--C
Anti An An- , -7 . . .

a- a

tone , 14 E
- I lone, now given c

,
c
'
C- Ec ]

v u v

Bnei ¥7 Bn Ba - i→ . . .

I c- C- Cut , s-t. ZE -

- c - c
'

II b#b
- 14mi 'I#%→2b' -44- i choose any b. b

'

C- Bn and b- c- But, sit.

1cm
,
#

n n -T - -
-

. .

I i. c'1- of Ynlb ) -- C
,
4dB ) -- c , and you, C

-

b ) -- E

t v u

O O O
so 412,35 - b t b

' ) -- 24+15) - c t c ' = O

and hence 3- I C-An St. dental - 2,35 - b t b '

as above F ! a.a
'
E An . , st. 4h

-fa )=2Bb and On
-
dat - 2,3

'

now On. , ( 2. a- ta - a
' ) - 2B6a(E) + 2Bb - Job

'

= 2,312,35 - bt b
') -12,zb - 2,5

'

= O

Ion , injective ⇒ a' = at

and hence [a ] -- ca '] 2E
.
2K] well-defined,

exercise i ) show 2 a homomorphism

2) lincoln)# = her (4)*
3) im *

= her 2n

4) in's 2n = her (day)*
EE

examples: Hnk,xol= HIM
"
reduced homology

indeed
Hncxo) → Ha →Hncxixd → Hn-Exo )

for nzz T T
O° (

is injective and surjectiveso

i . Hnlx) - Hn (X.xo)



And
H
,
1%)→ Hdx)→ H

,
IX.xo ) → Hdxo) → HDX) → Ho IX.xDTO

110 → Hdx) → Hdx,xo)→Zt → QNZ → Hfx,xp→ 0
^

×
# path components\?isomorphiosfxoyonnftanqinegnxobypath component

0 map

soHDX,×. ) = H
,
IX ) and

How, xD = E, E

exercises
-

"

'

,) If f :(X.A)→ (Y, B) Is continuous then

t* : Hn (X.At → Hn (Y. B)

2) it f.g :(X.Al→ (Y, B) are homotopic through maps taking A to B

then f* =9*

3) A CBCX then youget a long exact sequence
. . .

→ Hn (B. A)→ HNCX.A)→ Hn (X.B)→ Hu., (B.A)
→

. . .

Thalllexcision :

-
let Z c-A be subspaces of X
assume E c int A

The" the inclusion

Y,ag×.z
, a.⇒ → ,× ,µinduces an Isomorphism on homology

7* : Hn (X-Z,A-Z )→ HNCX,A)-

We give the prooflater

a pair ACX Is called good if A Is non -empty, closed, and has a

neighborhood U in X st. A Is a deformation retractof U
( i.e. F H: Ux {on]→ U st

.

Hlx,a=×
,
Hlx.i) E A VXEU

,
and

H (x. t) :X VXEA
.
)

examples : it A is a submanifold of a manifold X , then (x.A ) a goodpair
it X Is built from A by attaching cells, then (X.A) is a good pair



goodgetinasarent-Fixi
-

Proof: letu be a neighborhood ofAthatdef retracts toA
we have

HalX.A) -> HuX,U) cE
byth

↓
q =

O

↓
8x ↓

qx

An(XA,Aal -> HalY, YA)<HuCYA-AA,YA - A/A)

ne:g:(X-A,U -A) +(YA - *,4 - 41) a homeomorphism!(the "identitymap")

so rightmostgoan isomorphism
so middle goan isomorphism by excision

now we have (A,A) (U,A)*(A,A) where h,x1=H(x) and

It isdef. retractionU toA
and h,0i =id(A,A)

ioh,idsu,A) by hy

SO 2:An(A,A) - HalU,Al an isomorphism

thus the long exactsequenceof ACUCX gives
Ha(U,A) +Hn(X,Al ->Hn(X,U) -> Hn-,(U,A)
SII SII

in(A) Hn -1)A,A)

I
and HalX,Al-HalX,U) an isomorphism.

we also know YAdeformationretracts toA/A (Hinduces def
retract)

so the same argumentshows

Hn(Y,/A) ->Hu)YA,YA) isan isomorphism

: leftmostgoabove isan isomorphism as claimed
A



Prodi

,µm=I¥h:)§d HND",207=19tie-In-
Proof: note

Hn , soy ,
It k£8

and

HND
")={

Et h -- o

O kto

n=1Case_: Long exact sequence of ( D
'

,
So) (note DYSOE S

' )

Hh!
5)→

Hh!?
'I →

HID
:S) →

Ha
,!s9KZZO O O

SoHhls
'I-5HIDYoo)IHis( D

'

,
59=0 for kzz

Hit5)→ Hills
' ) -7 H, C D

'

,
Sol→ Hols 's) → Hold ' ) -7 Hold'

, so)
" "

o o I
' '

④a →

'

¥ Hoist
→ no

⇒ H
,
(5)IHID'

,
so) FE

induction: assume Prop is true for S
" "

(uzi)

Consider (D
"

.sn
- ') :

Hnl Dnt → HnlDTs
" "I -7Hails

" ') -2 Hn -IID
")

It 115
It

O Z O

so Huts ")EHnlD7s"- 1) I Z

for ht n , O , I

HhlD7→HhlD75
" ) -3 Hh. its

" -7→ Hh. id" )
I I

I I I I

O O O

so Hhls
") EHHCDYS"') = O hen

,
I
.

how

HILDY→ HID? s"
- 1)→ Hols"'I -7 Ho CD") → Hold? s"

-'t
11 11 lls 11

O ZI → Z → O

so Hits
") = H

,
CD"
,
s
" - '1=0

EH.



Corky:

#3D
" is not a retract of D

"

and

\ any map f : D"→ D " has a fixed point .
-

Proof.
-

'

If r :D"-7 3D" is a retraction then roti idzpn where i :3D
"
→ D
"
is inclusion

thus r*oI* : Ha
. ,
1215) → Ha -, DD

") is an isomorphism
lls115

Z Z

but r* : Ha- itDnt→ Ha . ,

HD
"

) the trivialmap ! since Han
"

to $

i r does not exist !

the second statement follows from the fist as cu
'

proof of Cor I. 14
EH

Corts:

÷If U CIR " and VCIRM are open sets that are homeomorphic|thenn=#
Renard : this is called "

invariance of domain
"

and implies that any
n manifold is not homeomorphic to an m manifold for ht m

Proofs : for any x EU , we have 1177 Ucla"- 1×3 CIR
"

,
so excision says

HHN.IR
"
- 1M¥ HIM

"
- IN- u)

,#- IxD- IN- ul) = Hulu, u - Ix))
the exact sequence for (11271127×3) says

Hnl IR
") -7 HMMM

"
- HD -7 Hn.IN

"
-HIT Hh.IN")

" "

o o

so HHHR
"

,
Mn- GDI Hh .it IR"- IxDIHh -its

"')

and Hh IU
,
U- 1×3) = {E h-- n N

"
- 1×3=5

" "

O k 't n

similarly Hhlv, v- ly)) I { Z k-m
f y EV

O k¥0

if h : U → V a homeomorphism then Hulu, U-WE Hnk. V- thexD ) Hh
:
. m - n

T#



later It will be useful to know the generators of Hnls
" ) and HNCDYZDY

Prod
:-

i) We can identify (D
"

,2D
") with (on, 20

")

under this identification

HNID
"

,2D
" ) Ez

Is generated by the identity map On→ D"

¥.#www.a.IE?;tItEEEtnEEIeiFfeg.OEIk.

\
if f
,
:#→ S

"

Is the inclusion map

then f
,
- f
,
Is thegenerator of Hn(SYEZ |
÷
# : I) we induct on n

#: Ho (D°, 2D°) = Ho (Do, 0) = E
tpt

Ho (D°) Is the free abelian group gen . by path components (by That3)

So generator Is D°=o°

induction: assume we know Hn
. ,
(D"",2D

" ' ') generated by the inclusion
f : on

- '

→£
- '
ED

" -'

clearly the inclusion g : on→Lt Is a relative cycle ( 2mg E Cn. , ( 20
" ))

so 2g = 0 in Cn ., (Dn
,
2D
")

let A be the union of all but one of the (n -I).diinl faces of on
Vz

#on

VoTv,

consider the long exact sequence for (
on

,
25
,
^ )



2
Halon, A) → Halon, 20

") → Hn-120, N → Hn- icon, 20
" )

511
If same

Inlow
il t I I=pt
O

so 2 is an isomorphism

note 20
"
= Au Oni

'

Hi
,
n) a good pair, and

4

207N I 0
" -

Yoon- i induced by inclusion 2 : or
-'
→ 20h

so Hn . . 120
"

,
n) 4¥ Hn - if

ht
on
-c) E Hn -do"

-

iron
- ')

by induction the inclusion of E
'
into O
" '

generates Ha -do
"'
,
20

" -' I

i. inclusion 0
"" into 20

"

generates Hn
. ,
12on

,
a )

now 2 [g) = [2g ]
-

- [20"] in Hn -i (20
"

,
n)

but [207 - Eon
- it in Hae, Coon, n )

i
. 21g ] is a generator of Hn. , 120

"

.
A )

and Eg] a generator of Hnlon, 25) since 2 an isomorphism,
nowfor: note %; I %on

,

this homeomorphism comes from
inc. quot.

on
,
→ 5.→ Syon

.
-

f

this deceives to h : tigon
,

→ 51oz a homeomorphism

i. we get an isomorphism h* : Halon. . 207) → Hals
"

,
one )

so on
, maps to a generator [on, ] of Huls

"

, 07 )

note: Ancon. )→ Hal5) → Hnl5,07) → Hn-if
11 I

0 induced by inclusion 0

i :(5,0) → 15,07)

so Hnl5)EZ and it is generated by a cycle in Cnts") that

maps by i to 07



now 0=-0?- 0^2 is a cycle (exercise itnot obvious)

and o = on
,
in Cats

"),Cal 07 )
:. 2*11037=1073 E Ancsa, one)

and hence Co] generates Hnl5)L#

When making computations it is useful to know the long exact sequences
"

respect
"

maps between spaces. This is called naturally .

Th'17'I
.-

H f: IX,At→ CY
,
B) is a map of pairs , then the following diagram is

commutative

\ .
→ it "

I:#
" '

¥:#
it

¥"
. . . I. . .

→ HnlB)→ Hn CY)→ Hn CY,
B)

→ Hn .itB) → . . .sina.yforthelongexactsequenceofatr.pl#sProof
: note O→ Cuca) → Chex)→ Calx.At→ O

If. If* It.
O → Cn CB)→ Lucy)→Cult, B)→ O

is clearly commutative so result follows from homological

algebra lemma below L#

/emmal8(HA)_:#-

It we have chain complexes and chain maps set.

O→ A*
Is B* C* → o

H te
.

to
o→ A*IsB'*ticino

"

÷:::÷::::÷i::::*.

.
.

tht tht the tax

. . .

→ HalA'* ) Hn CB'*) Hn CC
'*t→

Ha .ilA'* It . . .

is commutative

#



Prof:since Boi=lo =Bx x =10x

similarlyfor Ux°x=60x

now recall 2 [C] = [a] where atAn-, S.t.

1(a) =2 bfor some btBn s.t.j(b) =(

so 2 [WK] =[x1917 since Wi =0((b)) =j'(B(b)) chain
↓ ma

and y'(x(a)) =B(1(a)) =B(2b) =2(b)

...20Ux[] =xxv2[] FSC]
*

Here is a long exactsequence thatgeneralizes Van Kampen to homologytheory

MayerVictorisX:(intA)ulint

be inclusion maps

· eis exactwhere 4:GA)x*(ip)x

4 ([a],[b]) =(31)x[a]) - (p)x/[b]) and

example:T=S'xs

1 =(0,) x S Hn(A) =Hn(B) =GE ne
=S

B=T2c where ⑳ HulAE, SEE
n =0,1

*S
c =5)xS

1 F0, 1



HalAttoHzlBD→ HIT) -7 H , IAnB) → It , CAItoHiB)→ H
,
CTY -7 HolanB)→ Hoth④HolB)→ Hole)-70

11 S lls its "
"

01
,

4
,

2 Yo 7

O→ HIT
')→ Z④Z→ z④Z → It

,
IT
')→ z'

'

to#¥z Iosz → fa 0

since path
connected

note lool 1,0 ) = Cli ' ) eachpath component of AND

docoil) = ( i. il maps into a path component of A by la and

-

B by 2B
" ' " """ "

a " an'

4,10117=11,1
) -1¥
1-

o
'

,
- oh generates one factor of

H
, (AAB)

and HIA)

siniilarly for other component of AaB

So her to
,

=
Zt generated by 11

,

- I)

:. HalTYE Z

her 4
,
-

- lui do
,

E Z generated by I I, I)

:. lui 4
,
=
Zt ④ ttthery

,

EE

Ini 2 I her do I Zf generated by Cl, - I)

so # I lined = Hi Hynes = Hit
my

,

= Hilt'¥

Clavin: H
,
IT
') E EtoE

let at K generate Z
E H'

KKK
where K = z

it e E H, IT
') then et K =natksomeNEZ

now e - na

EK
so if b generates K , then

e- na = mb some m EE

so each ee HIT
') is natmb

you can easily argue that na tub = n'atnib ⇐ n -
-

n!mind,

exercise : Halt
' ) -- O tu =3

so Halt ) = {If.az
"II"
otherwise



to establish Mayer -Vietoris we need

lemma 20 CHAI '--

given two long exact sequences and maps between them as below

so that the diagram commutes

f. ÷:÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷÷: I. . .

→ An An
'
④ Bn Bn

' -7
An-it . . .

is exact where En la) = Halal, fatal) ,

In la '

,
b) = Bulb) - fi la) , and

rn I b
' ) = h 08

- '

og
'

fb
'

)

Root: easy diagram chase
for example lets check exactness at Bn

'

rn ° En la '

.
b) = hnorj

'

og; ( p.m . fn
0 since gio ti -- o

= hnori
'

( rno gulls)) -- hnognlb) = 0

so 1in In c her rn

now it b
'

E her rn then Tj
'

ogn
' list c- her hn

so I b E Bns.t.gnlbl-rj
'

ogn
' lb

')

i.e. ga
' l b

'

) = On o gn (b)
= g! op, lb)

thus gn
' l pi b) - b 't = O

and so I a
'

t A-
'

n
set
. fu

'

(a'Is pnlb ) - b
'

: . b
'

s - f
n

'

la ') + Bnlb) = In (a '

,
b)

thus im In -- her rn

exercise: check other cases
#y



Proof of That 19 (Mayer
- Vietoris) :
-

Consider the long exact sequences of pairs ( Ai AnB) and ( X, B)
A)* (ka)*

Hn (AnB)→ HnlA)→ Hn IA
,
AnB) → Hn -ilAaB)

14137¥ f da)# t Ix f
HnlB) → Hnlxl→ Hnlx , B)→ Hail B)

C)B)* (his)*

where ka
,
k
,
and I are obvious inclusions

note: Alan B = MB (exercise prove this . almost obvious)

so if CA . AnB) and IX. B) are good pairs then I* is

an isomorphism since Hn CA
,
AnB) I Ttn (Alanis)

✓
I
*

o L E. =

It pairs not good stillexpect E is
Hn (X' B) = HnlMB)

an isomorphism ,
and it is (see book

,
or try to prove after we

prove excision)
the result now follows from lemma ( check it not obvious)

#y

Finally back to proof of excision
Proof Thall (Excision) :
-

recall the set up : let Z c- A be subspaces of X with E c int A
we need to show the inclusion map

2 : (X- Z , A - Z) → (X.A)

induces an isomorphism on homology
7*

: HnlX-Z,A -Z )→ HulkAt
k

Mainidea: for any n and any a = ¥, m, o; E Cn (X, A)
=
"(% ca )

⑦( "" tides:: '¥!. oh that

7 = 1

where line
,
c X - Z or

i 'm T,
c A ti



we prove &later butsee how it implies theorem.

take (x] = Hn(X,A)

*=>5 x 't (a) s.t.1=2mt, as ina

letx
"

= M Ti
1 S.t.

imTi4A

Note:1) a
"
='in (ulXYcnCA) =2n(X,Al

2) 22 "EC (A) infact ind(A-z)
1- 1 n- 1

I since - 22"
=212")

-so 2a"cAn(X-E
e

3) <"t (n(X- z/(n(A - z)

:. a "defines an element(4") (Hn)X-Z, A -z)

clearly 1x((x")) =(2") =(x) =[x]

so Itis to

now suppose [x] =Hn(X-E,A-z) and 1x([43) =0

SO 10x =x =2some Bt (n+1) X, A)

*=JWt(n+2(X,A) s.t.B +6V =2mtiwith , as inQ

clearly a =2(B +22)

letB =Est. Mi
im ,4A

Note:1)=(n (X- z) and

2) I=2B - terms withimage in(A1X-E) =A-z

so (B =2 in(n(X-z)/cn(A - z)

:. [x] =0 in Hn(X-Z,A - z)

and Iinjective

toprove Q:



need teenysubdivision of a simplex

subdivision of o -simpler : do nothing
u "

1-
simplex : break simplex into 2 equal pieces

ET ,

→ -
Co f C

,

[eo.ci] = [eo , f]u[f.e, ]

subdivision of2-simpler : subdivide faces
add Center point
add edges to all vertices

t.IE#ItieeHIEiteE*EEe
.

[Coe, Cif = [geofo] u[ g foe, ] u [ge, f, ] v. . .

inductively subdivision of n -simplex : subdivide faces
add Center point
add edges to all vertices

C.9.
add all faces so you have

¥A*¥⇒¥f# booties:p:#wanna

exercise Show
"

upto boundaries you can subdivide siniphiies
"

that Is it o :O
"

→ X a singular n -simplex

and if one on, u . . . vote Is its barycentric subdivision

then F Cn+1) - chain re such that

0+2E = ¥
,
±%n

,
\ determine sign

Hint : for o' = 1-1
eo e

\ Cz

o
'
= o

'

,
u o

'

z 1¥
,

let t.be#&&yYeaohliieolo,each e.3-e,line old
,

0



so 2T= Theoe, ]
' Tlceoe

.]
+Tlkoei

= o - olo; + old

note : as you repeatedly barycentrically subdivide a simplex
the size of the resulting siniplicies goes to Zero.

now given a singular n-simplex 0: on→ X

note{ in'tA, X- I} Is an open cover for X
i. { o' ' lintAt

,
o
' '(× .Z )} Isan open cover of on

:
. 7 a Lebesgue number S > 0 for the cover st. any set of

diameter < S is mapped by v to intA or X- E

barycentrically subdivide D
"
till each simplex has diain < S

for exercise FT E (ntdx) st. 0t2T=Itolsobsimphces
so we can replace O with siinphiies satisfying @

:. we can do this for any Im,q. E (nlX.A) #,


